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An effective means is developed for describing two-dimensional convec- 
tive dispersion in the presence of polarizing fields. Explicit results are given 
for planar fields applied across Poiseuille flows, and these are used to charac- 
terize hollow fiber electropolarization chromatography (EPC). 

SCOPE 
Functional analysis is used to extend Taylor dispersion 

theory to two-dimensional problems in which solute dis- 
persion is biased by polarizing fields or flows. Explicit re- 
sults are given for combinations of planar fields and 

Poiseuille flows using an extension of the technique of 
Gill and Sankarasubramanian. These are sufficiently de- 
tailed for preliminary design of hollow fiber chromatogra- 
phy and a variety of related physical operations. 

CONCLUSIONS AND SIGNIFICANCE 
The numerical results of this study establish the attrac- 

tiveness of EPC as a separations tool and provide a basis 
for preliminary design calculations. They also show that 
much simpler boundary-layer approximations will be ade- 
quate for many calculations and establish the useful range 
of these approximations. 

These results also describe other situations of possible 
physical interest, including both other forms of polariza- 

tion chromatography and the gravitational settling of sus- 
pensions in duct flow. 

The mathematical technique used represents a significant 
extension of Taylor dispersion theory, and it can be ex- 
tended to more complex fields and flows than considered 
here. From a purely mathematical standpoint, it is a use- 
ful example of the application of functional analysis for 
extension of Stwm-Liouville theory to two-dimensional 
problems. 

lzlectropolarization chromatography in a cylindrical duct, 
or hollow fiber EPC has been described elsewhere (Reis 
and Lightfoot, 1976). This system consists essentially 
of an anisotropic ultrafiltration hollow fiber of circular 
cross section bathed in a circulating buffer solution 
and subjected to a transverse electrical field. In opera- 
tion, carrier electrolyte flows through the fiber lumen, 
that is, in the z direction (see Figure I) ,  continuously, 
and a pulse of the polyelectrolyte mixture to be sep- 
arated is introduced at the feed end ( z  = 0) to initiate 
the separation. 

'The electric field, applied in the y direction, induces 
the polarization of the charged proteins, that is, a non- 
uniform distribution over the column cross section, as 
indicated in the figure. The axial velocity of a protein 
pulse may then be represented as 
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The velocity <q> is then the velocity of the center of 
mass of species i. 

It  will be seen below that the retardation coefficient 

ri <U>/<vi> (2) 
is always greater than unity for a finite field and that r i  
increases with the degree of polarization. Separation of 
any two species is possible when their retardation co- 
efficients differ. 

The retardation coefficient and the axial dispersion 
are the process characteristics of greatest interest in 
determining the feasibility of separation, and this paper 
is devoted to their prediction. 

The general description of the concentration distribu- 
tion of species i in the system schematically represented in 
Figure 1 is 

The first boundary condition which goes with Equa- 
tion (3) is the statement of zero net flux normal to the 
wall for each polyelectrolyte; that is 
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Fig. 1. Hollow fiber EPC: coordinate system, solvent velocity profile, 
and fully developed concentration profile. 

at x2 + y2 = R2 (4) 

The second boundary condition is that the concentra- 
tion distribution is symmetric with respect to the z-y 
plane. 

As for initial condition, we state that the concentration 
distribution starts as a pulse in the z direction: 

ci = CiS(2) ( 5 )  
The spatial distribution of the electrical field inside 

the hollow fiber is unknown, but it seems reasonable 
to assume that it is uniform (see Reis and Lightfoot, 
1976). 

A MODEL FOR HOLLOW FIBER EPC 

y direction, Equations (3) and (4) reduce to 
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If the electrical field is uniform and aligned in the 

and 

at x 2 +  y 2 = R 2  (7) 
or, introducing a set of dimensionless variables, we get 

where 
mass of species i 

is the dimensionless velocity of the center of 

(10,11> 

and 5 is the dimensionless axial position relative to the 
center of mass of species i 

FORMAL SOLUTION OF THE CONTINUITY EQUATION, 
GILL AND SAN KARASU B RAMAN IAN'S TECHNIQUE 

ing expansion of ci 
The soIution of Equation (8) is based on the follow- 

where 

used by Gill and Sankarasubramanian (1970) in the 
solution of dispersion problems. The series (13) is, of 
course, assumed to converge without proof. In this sense, 
no justification of Equation (13) is available other than 
by direct computation. Also, expansion (13) presumes 
that the concentration variable can be differentiated in- 
finitely many times with respect to [ everywhere, a 
stipulation highly in excess of that implied by Equation 
(8), which demands no more than twice differentiability. 
We must then infer that, provided the initial condition 
is cooperative, Equation (13) implies that the concen- 
tration profile is analytic at all times with respect to 5 
and that at small times it is determined by a large 
number of derivatives; in the course of time, however, 
diffusion produces profiles which are determined ade- 
quately by only two axial derivatives. The species de- 
pendent distribution functions fn are functions of 7, X, 
and 7 only, and, from Equations ( 13) and (14),  it can 
be seen that they obey the normalization condition 
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<fn> = 6, (15) 
Substituting Equation (13) into Equation (8)  , we have 

Averaging Equation (16) over the cross section, we get 

and 

The boundary condition (9)  becomes, in terms of the 
distribution functions 

The second boundary condition is that the functions f n  
are symmetric with respect to x: 

(19) 
afn - = 0  at x = O  
ax 

It follows from Equation (18) that 

Integrating Equation (13) over z from --to to +-to, 

we get 
+ 0 0  

From Equations (11) and (21) it follows that 

at = < ( 1  - x 2  - + ) f o >  (22) 

Substituting Equations (15), (18), and (20) into 
Equation (17), we obtain 

DETERMINATION OF THE DISTRIBUTION FUNCTIONS 

Substituting Equation (23) into Equation (16) and 
collecting the coefficients of the axial derivatives of ci 
for each value of n, we have 

The initial condition on the distribution functions fn 

is, from Equation ( 5 )  

fn(77 7 ,  X) = son at 7 = 0 (29) 
From Equations (26) to (28) it should be clear that 

the distribution functions { f n }  are determined successively 
by solving for each f n  a Sturm-Liouville boundary value 
problem. The differential equation for each fn(n > 1) 
involves inhomogeneous terms comprising the lower ele- 
ments of the hierarchy as seen from Equations (27) and 
(28). The Sturm-Liouville operator and the boundary 
conditions are identical for each f n ,  and we will exploit 
this in what follows. 

Let us define the operator 

on a domain D ( L )  consisting of functions satisfying 
boundary conditions (18) and ( 19) , and let 

{A,, A,} i = 1, . . .) 00 
be the set of eigenvalues and eigenvectors of L: 

( L  - xi)hj = 0 (31) 
It can be readily shown that the operator L is sym- 

metric in D ( L )  with respect to the inner product: 

(Ak;Aj)  J J e-'"AkAjd& (32) 
xp+lJaLl 

Lik and Aj are eigenfunctions of L, and L is positive 
semidefinite. It follows, then, that eigenfunctions cor- 
responding to distinct eigenvalues are orthogonal with 
respect to the same inner product. 

Equation (26) can be cast in the form 

(33) 
where, in particular 

and 

Expanding fn in the set of eigenfunctions of L, we have 

go = 0 (34) 

(35) g1 = - f o ( 1  - ai - 2 - 172) 
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Performing the inner product (32) with Ak and Equa- 
tion (33), we get 

from where 

(38) 

(39) 

Performing the same inner product with Equation (36), 
we get 

If the eigenfunctions are normalized, that is if 
cnk (7) = (Ak; fn) 

.@+"*l 

then, from Equation (36) 

In particular, from Equations (29) and (34) 

The inner product in Equation (49) may be written as 
00 

It is clear from Equation (53) that the steady state 
part of f 1 3  is 

It is clear from Equation (42) that the steady state 
part of fo, 3 corresponds to the null eigenvalue which 
we will call XI. It can be immediately seen from Equa- 
tion (31) that the corresponding eigenvector A1 is 

(43) 

where N1 is the normalization constant which, from Equa- 
tion (40), is 

(44) 

From Equation (42) we have 

(45) 
From Equations (29) , (41), and (43) we have 

Cnleg4n 

N1 (46) 

< h j >  = 0, j > 1 (47) 

Cnl = 0, n >  1 (48) 

+ 
The orthogonality of the eigenfunctions implies that 

It follows, then, from Equations (15) and (46) that 

Equations (46) and (48) give, in particular 

The preceding, somewhat lengthy treatment may be 
condensed into the following alternative version, which 
provides a perspective view of the calculations of {fn}. 

We denote by operator G, the inverse of the transient 
operator ( a / a ~  + L ) ,  where L is the earlier Sturm- 
Liouville operator with domain D ( L )  . The operation of 
G on any function of x and 7, square integrable in the 
unit circle 2 + 7 2  = 1 for every T, may be represented by 

@ + n%51 
r(, '$, T') Ie-"n'f(X', 7 ' 7  7') 1 (55) 

The transformed function has zero initial value as is 
required for the solution of Equation (33) written for 
n 1. The kernel G ( x ,  7, T ;  x', T', 7') is given by 

G ( x ,  7, 7; X', 7', f') = 2 e - - h k ( 7 - 7 ' ) A k ( X ,  T ) A k ( X ' ,  7') 
k=O 

(56)  

where ( h k ,  Ak) are the set of eigenvahes and normalized 
eigenvectors of L. The solution of Equation (33) is 
given by 

fn=Ggn nl-1 (57) 
The function fo has nonzero initial value and has been 

obtained by solving the homogeneous Equation (33) 
since go = 0. Clearly, successive applications of the oper- 
ator G will produce as many f,,'s as needed. We have, 
however, terminated our computations at f l .  The eigen- 
values and eigenvectors of L are not calculable analyti- 
cally, since the operator is not separable so that varia- 
tional estimates have been used. These are considered 
in the next section. 
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COMPUTATION OF THE EIGENVALUES AND 
EIGENFUNCTIONS OF THE OPERATOR L 

The eigenvalue problem is defined by Equation (31). 
The lowest eigenvalue and the corresponding eigenfunc- 
tion can easily be determined analytically: 

A1 = 0 (58)  

The other eigenvalues and eigenfunctions can be deter- 
mined analytically only in the limit where ci is zero. For 
the general case of nonzero ei, we will seek numerical 
approximations of the remaining eigenvalues and eigen- 
functions. 

For the particular case where 

€ 4  = 0 (60)  
the eigenfunctions can be readily computed as 

and the eigenvalues are 

XjO = a?, j = 1, .  . ., co (62)  
In the case where ei # 0, the Rayleigh-Ritz method 

(Weinberger, 1972) will be used to obtain estimates 
Xj* for the eigenvalues and approximations for the eigen- 
functions. The Rayleigh-Ritz method approximates the 
eigenfunction Aj with the linear combination 

N 

ajo = 2 a j k a k  ( 6 3 )  
k = l  

where Wk, with k = 1, . , ., N, is a set of N linearly 
independent functions which satisfy the boundary condi- 
tions of the eigenvalue problem being solved, and CYjk, 

with j = 1, . . ,', N and k = 1, . . ., N ,  is a set of con- 
stants. The choice of the functions W k  is usually very 
important for the success of the approximation, a good 
choice resulting in a good approximation with a small 
number of functions Ok and a bad choice requiring a 
large number of such functions for a satisfactory result. 

We chose the functions 

to approximate the eigenfunctions by the Rayleigh-Ritz 
method. The functions defined by Equation ( 6 4 )  are 
symmetric functions with respect to x which satisfy the 
boundary condition ( 18). Besides the fundamental re- 
quirement of satisfying the boundary conditions, the 
chosen functions have some attractive features: 

1. The first function 01 is an eigenfunction of the 
problem, and it follows then that 

W k  = S l k  

2. In the h i t  where ci = 0, the functions O k  become 

To apply the Rayleigh-Ritz method, we define the 
the eigenfunctions of the problem. 

N X N matrices AandB: 

The integrals (65) and ( 6 6 )  were computed numerically. 
The N dimensional eigenvalue problem 

( A  - Xj*B) Aj* = 0 (68) 
is then formulated. The eigenvalues Xjo of the problem 
( 6 8 )  are the Rayleigh-Ritz upper bounds of the eigen- 
values of the operator L. The components of the eigen- 

Y 

vectors Aj' ar; the coefficients aj; appearing in Equa- 
tion ( 6 3 ) .  

The eigenvalues of problem (68) are those of matrix 
A-B-'; the eigenvectors of problem ( 6 8 )  are those of 
A-B-' premultiplied by B-I. 

NUMERICAL RESULTS 

Numerical results were obtained with the help of a 
truncated form of Equation ( 2 3 ) ,  usually referred to as 
the dispersion model: 

In order to solve Equation ( 6 9 ) ,  we need used in 
the definition of 5, and the dimensionless dispersion co- 
efficient 

From Equations (15), ( 2 2 ) ,  and (45) we get for 
the steady state part of cy, & 

The retardation coefficient defined by Equation ( 2 )  is 
then at the steady state 

For planar-channel EPC, we have (Reis, 1 9 7 6 ~ )  

(73)  
ci 

ri = 
3(cothq--)  1 

ei 

In Figure 2, uo/<Ui> is plotted against ci as a full 
line for hollow fiber EPC (where uo/<ui> = 2ri) and 
as a dashed line for planar-channel EPC (where z)o/<ui> 
= 3ri/2) to stress the similarity of performance of the 

I I I I 

Fig. 2. Retardation as a function of the polarization PCclet number. 
The solid line refers to hollow fiber EPC, and the dashed one to i t s  
planar counterpart. In both cases, YO i s  the maximum solvent velocity. 
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Fig. 3. Dimensionless dispersion coefficient as a function of the 
polarization PCclet number. The solid and dashed lines refer to  
hollow fiber and planar EPC, respectively. Dots refer to  points cal- 

culated. 

two processes when mean species velocity is scaled rela- 
tive to maximum solvent velocity. 

From Equations ( 14), (32), and (54), it follows that 

Using the Rayleigh-Ritz estimates of hj and Xj, we get 
N 

In the limit where c1 = 0, we have 

For planar-channel EPC, we have (Reis, 1976a) 

(79) 
which, for y > 10, is well approximated by 

1 .  5 
Pe? ei4 9 .i2 

C O N d  
1.0- a )  
.8 

.6 - 
4 -  

.2 
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- 

- 
I I I 

CONC, b) 

Page 684 July, 1978 AlChE Journal (Vol. 24, No. 4) 



In Figure 3, ID - 1/Pei2 is plotted as a function of 
c i  for both hollow fiber EPC (full line) and planar-channel 
EPC (dashed line). The fist seven eigenvalues provide 
sufficient accuracy for values of ci up to 10. For values of 
c i  between 10 and 50, fifteen eigenvalues were computed. 

Figures 2 and 3 show that hollow fiber EPC and 
planar-channel EPC have the same asymptotic behavior 
if the maximum convedtion velocity is used as a scaling 
factor for <q>. 

Figure 4 shows the response of hollow fiber EPC to a 
pulse injection of a binary mixture, as predicted by the 
model described above. Once steady state is reached, 
the resolution of two species depends on three operation 
variables: electric field, hollow fiber radius, and the ratio 
L/vo. Figure 4 shows the effect of those operation vari- 
ables. The components of the binary mixture chosen for 
the simulation represented in Figure 4 have the electro- 
phoretic mobility and diffusivity of human serum albumin 
and human gamma globulin in barbital at pH 8.6. 

DISCUSSION 

The primary motivation for this study was to charac- 
terize hollow fiber electropolarization chromatography 
(EPC) as a research tool and in particular to determine 
the effect of boundary curvature on convective disper- 
sion. The results were sufficient for this purpose and are 
also found to be useful for other reasons which did not 
come to mind until later. These include both the de- 
scription of other possibly interesting physical situations 
and intrinsic value of the mathematical techniques de- 
veloped. 

The potential attractiveness of hollow fiber EPC was 
demonstrated by Reis and Lightfoot in 1976 and is 
illustrated here in Figure 4. At that time we were not, 
however, able to determine how much of the observed 
dispersion was intrinsic to the process and how much 
resulted from mixing processes in the auxiliary equip- 
ment. The above analysis is doubly useful in this respect 
in providing a means of calculating effective dispersion 
and in showing that for most purposes of expected inter- 
est, a simple boundary-layer approximation is satisfactory 
for this purpose. Thus, Equation (79) may be used for 
ci greater than about 10, and under these conditions 
it may be approximated by Equation (80) which has 
ahead been given by Lee and Lightfoot (1976) for 

be seen from this limiting result, or from Figure 2, that 
very low dispersion and hence very sharp separations 
are possible at high polarization PBclet numbers. 

In a forthcoming paper we shall show that all separa- 
tions obtained to date are dominated by dispersion in 
the auxiliary apparatus and that much of this auxiliary 
dispersion can be eliminated by proper design of the 
separation system. 

The above analysis also describes a number of other 
physical situations of possible chemical engineering inter- 
est, These include polarization chromatography using 
other cross flows or fields and the gravitational settling 
of dilute suspensions in Poiseuille flow. Such settling 
occurs in a number of important situations but usually at 
high particle concentrations or in turbulent flow. It is 
by no means certain that the technique introduced in 
this paper can be extended to such situations, but this 
appears to be a possibility worth investigating. 

h4ore generally, it appears that the use made of func- 
tional analysis in this development can be extended to 
a variety of other geometries and to quite different spe- 
cific problems. 

ultrafi Iy tration induced polarization chromatography. It may 
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NOTATION 

- 

zeros of J 1 ,  the Bessel function of order 1 
matrix with elements defined as by Equation 

matrix with elements defined as by Equation 

molar concentration of species i 
constant 
cross-sectional average concentration of species i 
coefficients of the expansion of f n  in eigenfunc- 
tions Aj 
expressions as defined by E uation (52 )  
pseudo binary diffusion coekcient of species i 
dimensionless dispersion coefficient, as defined 
by Equation (70) 
dispersion coefficient = DimPei2@i 

electrical field 
components of E 
expressions as defined by Equation (51) 
species dependent distribution functions (of q, 
x, and 7 )  

steady state part of fn 
inhomogeneous term, as defined by Equation 
(33) 
inverse of the operator (a/& + L) 
hyperbolic Bessel function of order n 
Bessel function of order i 
differential operator as defined by Equation (30) 
electrophoretic mobility of species i 
normalization constants for approximation func- 
tion oi 
number of approximation functions used in the 
Rayleigh-Ritz technique 
normalization constant of eigenfunction hi 
normalization constant of eigenvector ~ i "  

V a / D i m  = convection PBclet number 
inner radius of the hollow fiber 
radial coordinate 
retardation coefficient, as defined by Equation 

hollow fiber cross section 
time 
axial component of the molar average velocity 

(65) 

(66) 

(2) 

<vi> = cross-secGnna1 average axial veloci-ty of species i 
<x> = cross-sectional average of the molar average 

vo = maximum axial velocity 
x = rectangular coordinate 
y = direction of the electrical field 
z = axialdirection 
Greek Letters 
ai 

at = steady state value of ai 
ajk = expansion coefficients, as defined by Equation 

S(z) = Dirac delta 
Sij = Kronecker delta 
ci = miE,R/Dim = polarization PBclet number (in 

4 = dimensionless axial coordinate, as defined by 

velocity 

= dimensionless velocity of the center of mass of 
species i, as defined by Equation (11) - 

(63) 

planar EPC, R is the half width of the channel). 

Equation (12) 
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r )  = y / R  
hi = eigenvalues of L 
hi0 = eigenvalues of L when ti = 0 
A$* = Rayleigh-Ritz estimate of A* 

= eigenfunctions of L 
= eigenfunctions of L when ti = 0 

&* = Rayleigh-Ritz estimate of hi 
T = t D i m / R 2  
x = d R  

= approximation functions as defined by Equation 
(64) 
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Phase-Plane Analysis of Feedback Control 
of Unstable Steady States in a 
BioIogicaI Reactor 

Feedback control of an open loop, unstable, continuous flow, stirred-tank 
biological reactor was investigated theoretically using several microbial 
growth models. The closed loop system can be made globally stable, but con- 
straints on the manipulated variable can lead to as many as five steady states, 
which are either saddle points or locally stable nodes. 
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Under certain conditions, multiple steady states are pos- 
sible for continuous cultivation of a pure culture 
(Yano and Koga, 1969). In such cases, one of the 
steady states is unstable. When modeling the growth ki- 
netics of microorganisms or designing microbial reactors, 
it is necessary to specify the specific growth rate of the 
organism as a function of substrate concentration over the 
range of possible concentrations. To obtain this data from 
continuous culture, one must attain operation at unstable 
steady states. In practical applications (that is, production 
of single-cell protein, SCP), it may be desirable to operate 
at or near the maximum specific growth rate for optimal 
cell production. Such an operation would require knowl- 
edge of the system behavior at unstable steady states. I t  
might also be conceivable that an SCP process, with a 
series of reactors, could be optimized by operating one or 
more reactors at an unstable steady state. The most ex- 
pedient means of operation at an unstable steady state is 
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through the application of conventional feedback control. 
Thus, the study of unstable steady states in the CSTBR 
plays an important role in the research and design of 
microbial reactors. 

The objective of this paper is to present the results of 
a theoretical study of the control of unstable steady states 
in a CSTBR. A number of kinetic models are used in ex- 
amining the existence of multiple states in the open loop 
process and the operation at unstable steady states in the 
closed loop system. The possibility of multiple steady 
states in the closed loop system will be examined. 

The models examined are a classical substrate inhibition 
model (Yano and Koga, 1969; Edwards et  al., 1972), a 
variable yield model (Chen et  al., 1976), a first-order lag 
model adopted from Young et al. (1970), and a wall growth 
model (Howell et al., 1972). 

Edwards et al. (1972) presented a theoretical study of 
the control of stable steady states in a CSTBR. Phase-plane 
analysis was used to show that feedback control could 
eliminate the instabilities in the system. In a more recent 
experimental study, KO and Edwards (1975) demonstrated 
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