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An effective means is developed for describing two-dimensional convec- and
tive dispersion in the presence of polarizing fields. Explicit results are given
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SCOPE

Functional analysis is used to extend Taylor dispersion
theory to two-dimensional problems in which solute dis-
persion is biased by polarizing fields or flows. Explicit re-
sults are given for combinations of planar fields and

Poiseuille flows using an extension of the technique of
Gill and Sankarasubramanian. These are sufficiently de-
tailed for preliminary design of hollow fiber chromatogra-
phy and a variety of related physical operations.

CONCLUSIONS AND SIGNIFICANCE

The numerical results of this study establish the atirac-
tiveness of EPC as a separations tool and provide a basis
for preliminary design calculations. They also show that

much simpler boundary-layer approximations will be ade-
quate for many calculations and establish the useful range
of these approximations,

These results also describe other situations of possible
physical interest, including both other forms of polariza-

tion chromatography and the gravitational settling of sus-
pensions in duct flow.

The mathematical technique used represents a significant
extension of Taylor dispersion theory, and it can be ex-
tended to more complex fields and flows than considered
here. From a purely mathematical standpoint, it is a use-
ful example of the application of functional analysis for
extension of Sturm-Liouville theory to two-dimensional
problems.

Electropolarization chromatography in a cylindrical duct,
or hollow fiber EPC has been described elsewhere (Reis
and Lightfoot, 1976). This system consists essentially
of an anisotropic ultrafiltration hollow fiber of circular
cross section bathed in a circulating buffer solution
and subjected to a transverse electrical field. In opera-
tion, carrier electrolyte flows through the fiber lumen,
that is, in the z direction (see Figure 1), continuously,
and a pulse of the polyelectrolyte mixture to be sep-
arated is introduced at the feed end (z = 0) to initiate
the separation.

The electric field, applied in the y direction, induces
the polarization of the charged proteins, that is, a non-
uniform distribution over the column cross section, as
indicated in the figure. The axial velocity of a protein
pulse may then be represented as

j; civds

<> = ————— (1)
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The velocity <v;> is then the velocity of the center of
mass of species i.

It will be seen below that the retardation coefficient
= <o>/<v> (2)

is always greater than unity for a finite field and that r;
increases with the degree of polarization, Separation of
any two species is possible when their retardation co-
efficients ditfer.

The retardation coeflicient and the axial dispersion
are the process characteristics of greatest interest in
determining the feasibility of separation, and this paper
is devoted to their prediction.

The general description of the concentration distribu-
tion of species i in the system schematically represented in
Figure lis
dc; [ a4+ y? ] acy [ 9y Bci]
6t+00 1 R2 az—i-ml Es ax+Ey dy
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The first boundary condition which goes with Equa-
tion (8) is the statement of zero net flux normal to the
wall for each polyelectrolyte; that is
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Fig. 1. Hollow fiber EPC: coordinate system, solvent velocity profile,
and fully developed concentration profile.
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The second boundary condition is that the concentra-
tion distribution is symmetric with respect to the z-y
plane.

As for initial condition, we state that the concentration
distribution starts as a pulse in the z direction:

C; = CiS(z) (5)

The spatial distribution of the electrical field inside
the hollow fiber is unknown, but it seems reasonable
to assume that it is uniform (see Reis and Lightfoot,
19786).

A MODEL FOR HOLLOW FIBER EPC
If the electrical field is uniform and aligned in the
y direction, Equations (3) and (4) reduce to
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or, introducing a set of dimensionless variables, we get
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where o; is the dimensionless velocity of the center of

mass of species i
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and { is the dimensionless axial position relative to the
center of mass of species

2/R

{= Pei —£ uid/r’ (12)

+vRT=71

+
Sy f_ cdzdydx

(10, 11)

FORMAL SOLUTION OF THE CONTINUITY EQUATION,
GILL AND SANKARASUBRAMANIAN’'S TECHNIQUE

The solution of Equation (8) is based on the follow-
ing expansion of c;

- L
= o + 21 o e (13)
n=
where
1 (1 (Vi
Gi= <> =— dxd 14
¢ = <6> ,,f—ff—\/rmc xdn (14)

used by Gill and Sankarasubramanian (1970) in the
solution of dispersion problems. The series (13) is, of
course, assumed to converge without proof. In this sense,
no justification of Equation (13) is available other than
by direct computation. Also, expansion (13) presumes
that the concentration variable can be differentiated in-
finitely many times with respect to [ everywhere, a
stipulation highly in excess of that implied by Equation
(8), which demands no more than twice differentiability.
We must then infer that, provided the initial condition
is caoperative, Equation (13) implies that the concen-
tration profile is analytic at all times with respect to ¢
and that at small times it is determined by a large
number of derivatives; in the course of time, however,
diffusion produces profiles which are determined ade-
quately by only two axial derivatives. The species de-
pendent distribution functions f, are functions of 4, x,
and r only, and, from Equations (13) and (14), it can
be seen that they obey the normalization condition
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Substituting Equation (13) into Equation (8), we have

o0
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Averaging Equation (16) over the cross section, we get
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n=0
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The boundary condition (9) becomes, in terms of the
distribution functions

fn fn
(-——e,fn) +x-——-—0 at 24+ @2=1 (18)

The second boundary condltlon is that the functions f,
are symmetric with respect to x:

af-n
ox
It follows from Equation (18) that

L
<agr- T 6'q2>—0 (20)

Integrating Equation (13) over z from —w to +os,

we get
+ o0
‘f_w cidz
fo = (7'32) (21)

o r fviic,dxdydz

—

=0 at x=0 (19)

From Equations (11) and (21) it follows that
o= <(1—x%— 52 fo> (22)

Substituting Equations (15), (18), and (20) into
Equation (17), we obtain

35‘5 1 a Cl

'3:: Pe-2 2 <1l- x; — Xz —'le)fn>
i

gntt Cz
€n+1

(23)

DETERMINATION OF THE DISTRIBUTION FUNCTIONS

Substituting Equation (23) into Equation (18) and
collecting the coefficients of the axial derivatives of ¢;
for each value of n, we have

0 n—2
54 [ Zma-amn

n=0

- VIz)fﬂ—m-l
+ (1 — a1 — % — %) fn-1
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(o B0 3’fn)]a"c*}=o (24)

I g o L
where
fa=0 for n<0 (25)

Equation (24) is satisfied by
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The initial condition on the distribution functions f,
is, from Equation (5)

fﬂ(T’ LA X) =8mn at 7=0 (29)

From Equations (26) to (28) it should be clear that
the distribution functions {f.} are determined successively
by solving for each f, a Sturm-Liouville boundary value
problem. The differential equation for each f,(n > 1)
involves inhomogeneous terms comprising the lower ele-
ments of the hierarchy as seen from Equations (27) and
(28). The Sturm-Liouville operator and the boundary
conditions are identical for each f,, and we will exploit
this in what follows.

Let us define the operator

2 2
o @ _> 50)
a P
on a domain D(L) consisting of functions satisfying
boundary conditions (18) and (19), and let

MaAg} 1=1,..,%
be the set of eigenvalues and eigenvectors of L:

(L —)\)A;=0 (31)
It can be readily shown that the operator L is sym-

metric in D (L) with respect to the inner product:
(Ak; Ag) = e~ Ak A dxdy (32)

x3+n2=1

Ar and A; are eigenfunctions of L, and L is positive
semidefinite. It follows, then, that eigenfunctions cor-
responding to distinct eigenvalues are orthogonal with

respect to the same inner product.
Equation (26) can be cast in the form

a
f" — + L=t (33)
where, in particular
g=0 (34)
and
g1=—fo(l —ea—3%—7) (35)
Expanding f, in the set of eigenfunctions of L, we have
fa= 2, Cuilr)As(nx) (36)
i=0
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Performing the inner product (82) with Ay and Equa-
tion (33), we get

ai, (A fa) + Mo(Aifa) = (A ge)  (37)
from where

(Ati fa) = &= { S (hss g ewrdr + (4 fo) r=o }

(38)
Performing the same inner product with Equation (36},
we get
Cux(r) = (Ax; fn) (39)
If the eigenfunctions are normalized, that is if
f f e~ A 2dxdy =1 (40)

xXA+92=t

then, from Equation (36)

o

fa = 2 { [ J;T (Ag g”)e"*l(f‘f”dﬁ

n=0
+ (A fn) lr=0 e™MT ]Aj } (41)

In particular, from Equations (29) and (34)
fo= 2 f f [e~emAsdxdnle=™7A; | (42)
=0 X2+ n3=1

It is clear from Equation (42) that the steady state
part of fo, fo corresponds to the null eigenvalue which
we will call ), It can be immediately seen from Equa-
tion (31) that the corresponding eigenvector A; is

gt
A= N, (43)
where N is the normalization constant which, from Equa-
tion (40), is
= (et ) )
]

From Equation (42) we have

- f f ] €t
fi) = ( e—imAIdXd-y] )Al = =

Ny2 2I; (&)

x2+n2=1
(45)
From Equations (29), (41), and (43) we have
hd T
Y ———
Cnleﬁ'n
+ —_———
Ny (46)
The orthogonality of the eigenfunctions implies that
<A> =0, j>1 (47)
It follows, then, from Equations (15) and (46) that
Cuu=0 n>1 (48)

Equations (46) and (48) give, in particular

LT

X3+ ni<l
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— n?)foldxdn ) e‘“"""’df’] Aj } (49)

The inner product in Equation (49) may be written as

[As (L —e— > —m*)fol = 2_2 Frje~*7 4+ Dy
" (50)

where
Fmsz= (Am; 1) [As (1 —ai— 2 — 72)Am] (51)
and

Dy= " [As (1—a— 2 —mD)esn]  (52)
N2

Substituting Equation (50) into Equation (49) and

integrating over time, we get

fi=— 2
i=2

L
Qg —Am)T —
gone 3, File D 1]

=2 A — A
pawr 17 am

D
+ Fire=M7 — T’ (e=MT—1)A; ¢ (53)
]

It is clear from Equation (53) that the steady state
part of fl,_fl is

® Dj T
— A =
Aj d N2

fi=—
i=2

i [As OE + m2)es] A

v (54)

i=2

The preceding, somewhat lengthy treatment may be
condensed into the following alternative version, which
provides a perspective view of the calculations of {f.}.

We denote by operator G, the inverse of the transient
operator (8/dr + L), where L is the earlier Sturm-
Liouville operator with domain D(L). The operation of
G on any function of x and 7, square integrable in the
unit circle 2 + 72 = 1 for every z, may be represented by

ctonn =), ar § § avarcons

X2+ n=1

>(’ 71,» T,) {e_e”"f(x" ")” 7,)] (55)

The transformed function has zero initial value as is
required for the solution of Equation (33) written for
n =1, The kernel G(x, 9, 7; X', 7', 7’) is given by

G(X’ 75 X', "l’, T,) = 2 e_xk(T_T’)Ak(Xs ﬂ)Ak(X,r 77’)
k=0
(56)

where (X, Ax) are the set of eigenvalues and normalized
eigenvectors of L. The solution of Equation (33) is

given by
fn=Gg, n=1 (57)

“The function f, has nonzero initial value and has been
obtained by solving the homogeneous Equation (33)
since go = 0. Clearly, successive applications of the oper-
ator G will produce as many f,’s as needed. We have,
however, terminated our computations at f;. The eigen-
values and eigenvectors of L are not calculable analyti-
cally, since the operator is not separable so that varia-
tional estimates have been used. These are considered
in the next section.
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COMPUTATION OF THE EIGENVALUES AND
EIGENFUNCTIONS OF THE OPERATOR L

The eigenvalue problem is defined by Equation (31).
The lowest eigenvalue and the corresponding eigenfunc-
tion can easily be determined analytically:

esin
=— 59
At N, (59)

The other eigenvalues and eigenfunctions can be deter-
mined analytically only in the limit where ¢ is zero. For
the general case of nonzero ¢, we will seek numerical
approximations of the remaining eigenvalues and eigen-
functions,

For the particular case where

€ = 0 (60)
the eigenfunctions can be readily computed as
Jo(ayr) ,
Aj°=—NjT—-, i=L.. ., (61)
and the eigenvalues are
M= a?, i=1..,» (62)

In the case where ¢ ¢ 0, the Rayleigh-Ritz method
(Weinberger, 1972) will be used to obtain estimates
A;® for the eigenvalues and approximations for the eigen-
functions. The Rayleigh-Ritz method approximates the
eigenfunction A; with the linear combination

N
AP = E e (63)
k=1

where wi, with k = 1, ..., N, is a set of N linearly
independent functions which satisfy the boundary condi-
tions of the eigenvalue problem being solved, and aj,
withj=1,..,Nandk =1,... N, is a set of con-
stants. The choice of the functions ey is usually very
important for the success of the approximation, a good
choice resulting in a good approximation with a small
number of functions er and a bad choice requiring a
large number of such functions for a satisfactory result.
We chose the functions

1
o = M, e""]o(akf) (64)

to approximate the eigenfunctions by the Rayleigh-Ritz
method, The functions defined by Equation (64) are
symmetric functions with respect to x which satisfy the
boundary condition (18). Besides the fundamental re-
quirement of satisfying the boundary conditions, the
chosen functions have some attractive features:

1. The first function w; is an eigenfunction of the
problem, and it follows then that

ate = S

2. In the limit where ¢ = 0, the functions e; become
the eigenfunctions of the problem.

To apply the Rayleigh-Ritz method, we define the
N X N matrices A and B:

1
AijE (wi; ij) = b:i;’lj j; L(e;r)]l(a,-r)]l(a,-r)rdr
(65)
and
1 1
By = (v 05) = [YAT? j; L(er)]o(ar)]o(ay)rdr
i

(66)
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where

L(z) = j: " gmeostdy = 2uly(x) (67)

The integrals (65) and (66) were computed numerically.
The N dimensional eigenvalue problem

(A= \*B)AS =0 (68)

is then formulated. The eigenvalues A\;* of the problem
(68) are the Rayleigh-Ritz upper bounds of the eigen-
values of the operator L. The components of the eigen-
vectors /A;* are the coefficients aj appearing in Equa-
tion (63).

The eigenvalues of problem (68) are those of matrix
A-B~1; the eigenvectors of problem (68) are those of
A-B~1 premultiplied by B,

NUMERICAL RESULTS

Numerical results were obtained with the help of a
truncated form of Equation (23), usually referred to as
the dispersion model:

aE‘ _ 1 620¢
—a—;—[-l;;‘;+ <(x2+172)f1>]—&2— (69)

In order to solve Equation (69), we need «;, used in
the definition of {, and the dimensionless dispersion co-
efficient

Dietr

1
DimPe? - Peg

From Equations (15), (22), and (45) we get for
the steady state part of aj, o

+ <GE+ ) > (T0)

=

Ii(e)
Ii(e)

The retardation coefficient defined by Equation (2) is
then at the steady state
€ Ii{e)

4 I(e)
For planar-channel EPC, we have (Reis, 1976a)

a=1—-<(@+)f>= - . (71)

=

(72)

€

= 1
3 (cothe;———)

€

£ (73)

In Figure 2, vy/<v;> is plotted against ¢ as a full
line for hollow fiber EPC (where vo/<v> = 2r;) and
as a dashed line for planar-channel EPC (where vo/ <vi>
= 3r;/2) to stress the similarity of performance of the

30 T T T

<

-
g
~

A2 \ ST 2 SRR B L B B

20}

Fig. 2. Retardation as a function of the polarization Péclet number.
The solid line refers to hollow fiber EPC, and the dashed one to its
planar counterpart. In both cases, vo is the maximum solvent velocity.
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Fig. 3. Dimensionless dispersion coefficient as a function of the

polarization Péclet number. The solid and dashed lines refer to

hollow fiber and planar EPC, respectively. Dots refer to points cal-
culated.

two processes when mean species velocity is scaled rela-
tive to maximum solvent velocity.
From Equations (14), (32), and (54), it follows that

m; -

o = <02 + > = (w"l—)z

(74)

2"’: <GE+ ) a>?
j=2 A

Using the Rayleigh-Ritz estimates of A; and \;, we get

N
2
N\ <& ( m2=1 &im m)
<(x2+n2)71>ﬁ(-ﬁ—) 2 W
1 i= i N (75)
where
1
J; Io(er) Jo(amr)r3dr
Vi = (76)
(fl . %
7\ Jy Toler)Jo?(amr)rdr )
and

N
Ny* = 2

nl=1
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.’: Io(eit)Jo(ant)Jo(an)rdr

'ajuajl

1 1 1
[ ) renricanrndr §, t(enianinae |

(77)
In the limit where ¢; = 0, we have
1 1 1
; — = —_—— 78
D~ poz =10 ;::2 af 182 (78)
For planar-channel EPC, we have (Reis, 1976a)
1 8 [ 1 1
—e———=—] — (coth? ¢; — 1 — (coth
D; Poz L3 (coth? ¢ ) + - (coth ¢

1 5 7
— coth® &) + — (2 — coth? ¢) — —cothe; + "‘f;]
€ €f €

(79)
which, for ¢ > 10, is well approximated by

1 8 5 7
D - el =——+ — (80)
Pep «t & P
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Fig. 4. Separation of polyelectrolytes injected as a mixed pulse.
Solute A corresponds closely to human serum albumin with mobility
and diffusivity of 59 X 10=5 cm2/Y-s and 6.1 X 10—7 cm2/s,
respectively; B corresponds to human gamma globulin with values
of 1.2 X 10~5 and 4.0 x 107, Figure 4a represents prediction
for E = 5 V/em, R = 0.04 ¢m, and L/v¢ = 167 s; Figure 4b is
for similar conditions except £ =— 10 V/cm, Figure 4c is for the
conditions of (a) except R — 0.08 e¢m; Figure 4d is for the condi-
tions of (a) except L/vo = 668 s.
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In Figure 3, D — 1/Pe? is plotted as a function of
¢; for both hollow fiber EPC (full line) and planar-channel
EPC (dashed line). The first seven eigenvalues provide
sufficient accuracy for values of ¢ up to 10. For values of
¢; between 10 and 50, fifteen eigenvalues were computed.

Figures 2 and 3 show that hollow fiber EPC and
planar-channel EPC have the same asymptotic behavior
if the maximum convection velocity is used as a scaling
factor for <v;>.

Figure 4 shows the response of hollow fiber EPC to a
pulse injection of a binary mixture, as predicted by the
model described above. Once steady state is reached,
the resolution of two species depends on three operation
variables: electric field, hollow fiber radius, and the ratio
L/vo. Figure 4 shows the effect of those operation vari-
ables. The components of the binary mixture chosen for
the simulation represented in Figure 4 have the electro-
phoretic mobility and diffusivity of human serum albumin
and human gamma globulin in barbital at pH 8.6.

PISCUSSION

The primary motivation for this study was to charac-
terize hollow fiber electropolarization chromatography
(EPC) as a research tool and in particular to determine
the effect of boundary curvature on convective disper-
sion. The results were sufficient for this purpose and are
also found to be useful for other reasons which did not
come to mind until later. These include both the de-
scription of other possibly interesting physical situations
and intrinsic value of the mathematical techniques de-
veloped.

The potential attractiveness of hollow fiber EPC was
demonstrated by Reis and Lightfoot in 1976 and is
illustrated here in Figure 4. At that time we were not,
however, able to determine how much of the observed
dispersion was intrinsic to the process and how much
resulted from mixing processes in the auxiliary equip-
ment. The above analysis is doubly useful in this respect
in providing a means of calculating effective dispersion
and in showing that for most purposes of expected inter-
est, a simple boundary-layer approximation is satisfactory
for this purpose. Thus, Equation (79) may be used for
¢; greater than about 10, and under these conditions
it may be approximated by Equation (80) which has
already been given by Lee and Lightfoot (1976) for
ultrafiltration induced polarization chromatography. It may
be seen from this limiting result, or from Figure 2, that
very low dispersion and hence very sharp separations
are possible at high polarization Péclet numbers.

In a forthcoming paper we shall show that all separa-
tions obtained to date are dominated by dispersion in
the auxiliary apparatus and that much of this auxiliary
dispersion can be eliminated by proper design of the
separation system.

The above analysis also describes a number of other
physical situations of possible chemical engineering inter-
est. These include polarization chromatography using
other cross flows or fields and the gravitational settling
of dilute suspensions in Poiseuille flow. Such settling
occurs in a number of important situations but usually at
high particle concentrations or in turbulent flow. It is
by no means certain that the technique introduced in
this paper can be extended to such situations, but this
appears to be a possibility worth investigating.

More generally, it appears that the use made of func-
tional analysis in this development can be extended to
a variety of other geometries and to quite different spe-
cific problems.

AIChE Journal (Vol. 24, No. 4)

ACKNOWLEDGMENT

The authors are indebted for financial support to the Na-
tional Science Foundation Grant ENG 75-05456. In addition,
J. F. G. Reis wishes to acknowledge assistance provided by

F undag;o Calouste Gulbenkian,
NOTATION

a zeros of J;, the Bessel function of order 1

>
i

matrix with elements defined as by Equation
(65)

B = matrix with elements defined as by Equation
(66)

¢; = molar concentration of species i

C; = constant

¢; = cross-sectional average concentration of species i

ay = coefficients of the expansion of f, in eigenfunc-

tions A;

D; = expressions as defined by Equation (52)

Dim = pseudo binary diffusion coeflicient of species

D; = dimensionless dispersion coeflicient, as defined
by Equation (70)

Diers = dispersion coefficient = DimPesP:

E = electrical field

E.,Ey,= components of E
= expressions as defined by Equation (51)

fn = species dependent distribution functions (of s,
x, and 7)

fo = steady state part of f,

g» = inhomogeneous term, as defined by Equation
(38)

G = inverse of the operator (8/dr + L)

I, = hyperbolic Bessel function of order n

Ji = Bessel function of order i

L = differential operator as defined by Equation (30)

m; = electrophoretic mobility of species

M; = normalization constants for approximation func-
tion w;

N = number of approximation functions used in the
Rayleigh-Ritz technique

N; = normalization constant of eigenfunction A;

N;* = normalization constant of eigenvector A;*

Pe; = voR/Dim = convection Péclet number

R = inner radius of the hollow fiber

r = radial coordinate

r; = retardation coeficient, as defined by Equation
(2)

S = hollow fiber cross section

t = time

v = axial component of the molar average velocity

<v;> = cross-sectinnal average axial velocity of species i
<x> = cross-sectional average of the molar average

velocity
vy = maximum axial velocity
X = rectangular coordinate
y = direction of the electrical field
z = axial direction

Greek Letters

«; = dimensionless velocity of the center of mass of
species 4, as defined by Equation (11)

@; = steady state value of o;

aj;, = expansion coefficients, as defined by Equation
(63)

8(z) = Dirac delta

;i = Kronecker delta

€ = miE,R/Dim = polarization Péclet number (in
planar EPC, R is the half width of the channel).

¢ = dimensionless axial coordinate, as defined by

Equation (12)
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0 = y/ R

M = eigenvalues of L

A" = eigenvalues of L when ¢ = 0

A® = Rayleigh-Ritz estimate of A;

Ay = eigenfunctions of L

A = eigenfunctions of L when ¢, = 0

A* = Rayleigh-Ritz estimate of A;

T =t Dim/ R2

X = x/R

@; = approximation functions as defined by Equation
(64)
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Phase-Plane Analysis of Feedback Control
of Unstable Steady States in a

Biological Reactor

Feedback control of an open loop, unstable, continuous flow, stirred-tank
biological reactor was investigated theoretically using several microbial
growth models. The closed loop system can be made globally stable, but con-
straints on the manipulated variable can lead to as many as five steady states,

which are either saddle points or locally stable nodes.
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SCOPE

Under certain conditions, multiple steady states are pos-
sible for continuous cultivation of a pure culture
(Yano and Koga, 1969). In such cases, one of the
steady states is unstable. When modeling the growth ki-
netics of microorganisms or designing microbial reactors,
it is necessary to specify the specific growth rate of the
organism as a function of substrate concentration over the
range of possible concentrations. To obtain this data from
continuous culture, one must attain operation at unstable
steady states. In practical applications (that is, production
of single-cell protein, SCP), it may be desirable to operate
at or near the maximum specific growth rate for optimal
cell production. Such an operation would require knowl-
edge of the system behavior at unstable steady states. It
might also be conceivable that an SCP process, with a
series of reactors, could be optimized by operating one or
more reactors at an unstable steady state. The most ex-
pedient means of operation at an unstable steady state is

Correspondence concerning this paper should be addressed to Henry
C. Lim.
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through the application of conventional feedback control.
Thus, the study of unstable steady states in the CSTBR
plays an important role in the research and design of
microbial reactors.

The objective of this paper is to present the results of
a theoretical study of the control of unstable steady states
in a CSTBR. A number of kinetic models are used in ex-
amining the existence of multiple states in the open loop
process and the operation at unstable steady states in the
closed loop system. The possibility of multiple steady
states in the closed loop system will be examined.

The models examined are a classical substrate inhibition
model (Yano and Koga, 1969; Edwards et al.,, 1972), a
variable yield model (Chen et al., 1976), a first-order lag
model adopted from Young et al. (1970), and a wall growth
model (Howell et al., 1972).

Edwards et al. (1972) presented a theoretical study of
the control of stable steady states in a CSTBR. Phase-plane
analysis was used to show that feedback control could
eliminate the instabilities in the system. In a more recent
experimental study, Ko and Edwards (1975) demonstrated
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